We investigate spin-orbit torque on magnetization in an insulating ferromagnetic (FM) layer that is brought into a good proximity to a topological insulator (TI). We show that, in addition to the well-known field-like spin-orbit torque that favors in-plane magnetization, there exists also a diffusive spin-orbit torque that favors perpendicular-to-the-plane magnetization. Such a diffusive torque is shown to emerge in the presence of a spatially inhomogeneous low-frequency ac electric field at the TI surface. The required electric field configuration can be created e. g. by a grated top gate, thus, paving way to electric-field control over magnetization direction in FM/TI films. arXiv:1810.05828v1 [cond-mat.mes-hall] 
It is widely known that spin-orbit interaction provides an efficient way to couple electronic and magnetic degrees of freedom. It is, therefore, no wonder that the largest torque on magnetization, which is also referred to as the spin-orbit torque, emerges in magnetic systems with strong spin-orbit interaction [1, 2] as has been long anticipated [3] .
The spin-orbit coupling may be enhanced by confinement potentials in effectively two-dimensional systems consisting of conducting and magnetic layers. The inplane current may efficiently drive domain walls or switch magnetic orientation in such structures with the help of spin-orbit torque [4] [5] [6] [7] , which is present even for uniform magnetization, or with the help of spin-transfer torque, which requires the presence of magnetization gradient (due to e. g. domain wall) [8] [9] [10] [11] .
Topological insulators (TI) [12] [13] [14] [15] may be thought as materials with an ultimate spin-orbit coupling. Indeed, the effective Hamiltonian of conduction electrons at the TI surface contains essentially nothing but spin-orbit interaction term that provides a perfect spin-momentum locking. Thus, the magnetization dynamics in a thin ferromagnetic (FM) in a proximity to TI surface is expected to be strongly affected by electric currents and/or electric fields [16] . There seems to be, indeed, a substantial experimental evidence that the efficiency of domain switching in TI/FM heterostructures is dramatically enhanced as compared to that in metals [17] [18] [19] [20] [21] [22] .
To illustrate generic properties of magnetization dynamics at a TI/FM interface we employ two-dimensional s-d-like model of a Dirac ferromagnet. The advantage of such a model-based microscopic approach is that it is capable of describing complex torques on magnetization arising in TI/FM systems in terms of only few effective parameters. This is in contrast to phenomenological theories that formulate magnetization dynamics in systems with strong spin-orbit coupling in terms of virtually unlimited number of unknown functions [23, 24] . Our results are, therefore, complementary to a number of phe- nomenological studies of Dirac ferromagnets . Microscopic theory of current-induced magnetization dynamics in FM/TI heterostructures has so far been limited to some particular direction of magnetization or to some very specific regimes. In particular, an analytic estimate of spin-transfer and spin-orbit torques in FM/TI bilayer has been given in Ref. [48] for magnetization perpendicular to the TI surface. An attempt to generalize these results to arbitrary magnetization direction has been undertaken more recently in Ref. [49] . However, the non-local behavior of non-equilibrium out-of-plane spin polarization in TI/FM systems that gives rise to magnetization switching effect described in this Letter, have been overlooked in these publications.
The non-local transport on a surface of the TI has been first discussed by Burkov [50] . The results of this work has been later applied to FM/TI systems [51, 52] assuming, however, a weak s-d-type exchange coupling between conduction electrons and localized spin subsystems. Such a perturbative treatment still misses out the most interesting regime of equal spin-orbit and s-d exchange interaction strength that corresponds to maximal charge-to-spin conversion.
In this Letter we focus on novel non-local diffusive contribution to the spin-orbit torque on magnetization in FM/TI heterostructures that have been previously ig-nored. By applying an ac gate voltage V top to a nanograted top-gate as illustrated schematically in Fig. 1 the diffusive torque can be made so large that it enables magnetization switching to the perpendicular-to-the-plane direction. Thus, the diffusive spin-orbit torque mechanism may provide an efficient route to electric-field control of magnetization in FM/TI films.
To illustrate the effect we employ s-d-like model with the local exchange interaction H ex = −J sd n S n ·c † n σc n between localized classical magnetic moments S n on FM lattice (with conserved absolute value S = |S n | per unit cell area A) and spin density of conduction electrons (represented by the vector operator σ = (σ x , σ y , σ z ) on the TI surface) [53] . Here σ α stand for Pauli matrices and J sd quantifies the s-d-type exchange interaction strength. Below we compute spin-orbit torque and Gilbert damping originating from the conduction electrons under the assumption that the FM layer hosts a single magnetic domain with a direction m = S/S.
The classical equation of motion for the unit vector m can be, then, written as
where = h/2π is the Planck constant, the first term on the right-hand side represents the combined contribution of external magnetic field and the field produced by neighboring magnetic moments in the FM (due to Heisenberg exchange, for example), while the term T represents the effect of conduction electron spin density s(r, t) = c † n σc n emerging on the TI surface. The linear response of the non-equilibrium spin-density s to the time derivative ∂m/∂t and to the in-plane electric field E(r, t) = E q,ω exp (−iωt + iqr) provides us with the Gilbert damping and spin-orbit torque terms, correspondingly. Both responses are computed microscopically from the effective model (2) where ∆ sd = J sd S, A is the vector potential, e = −|e| is the electron charge, z is the direction perpendicular to the TI surface, v is the effective velocity of Dirac electrons, and V (r) is a disorder potential that models the main relaxation mechanism of conduction electrons. The effective model of Eq. (2) describes conduction electrons on the TI surface coupled to FM spins by means of local exchange interaction.
We note, first of all, that the velocity operator in the model of Eq. (2) v = v (σ×ẑ) is simply related to the spin operator σ. As the result, the response of the in-plane spin density s = (s x , s y ) to electric field E = −∂A/∂t is defined by the conductivity tensor [49, 54] . This also means that the non-equilibrium contribution to s from the electric current density J is given by s = (ẑ × J )/ev irrespective of the scattering mechanisms of conduction electrons and even beyond the linear response. Such a universal result, however, tells us nothing about the response of s z component to electric field or current. Such a response plays evidently no role in Eq. (1) for m = ±ẑ. The s z component is also vanishing by symmetry if m is directed parallel to the TI surface. For s z = 0 the entire spin-orbit torque in the model is the field-like spin-orbit torque, T SOT FL = (J sd A/ ev) m × (ẑ × J ), which acts in the same way as in-plane external magnetic field applied perpendicular to the charge current.
We will see, however, that for a general direction of S, the perpendicular-to-the-plane component of the electron spin density s z plays an essential role in magnetization dynamics defined by Eq. (1) at small but finite frequencies. Moreover, we demonstrate that the response of s z to non-homogeneous time-dependent electric field can be large and intrinsically non-local in space and time.
The magnetization switching is facilitated by the Gilbert damping mechanism that brakes down the conservation of the total angular momentum of the localized subsystem. The Gilbert damping (and also spin renormalization) can be extracted from the response of s to the time derivative ∂m/∂t. It is worth noting that, in our simplistic model (2) of TI/FM interface, both the Gilbert damping and spin-orbit torque are naturally related to various spin-spin correlation functions.
Since both the vector potential A and magnetization m couple in Eq.
(2) to the spin operators, the linear response of s to E = −∂A/∂t and ∂m/∂t, is defined in the frequency-momentum domain as
where the dimensionless 9-component tensorK(q, ω) is nothing but the spin-spin correlator. The components of K are given by the corresponding Kubo formulâ
which is schematically illustrated in Fig. 2 . The notation G
stands for the retarded (advanced) Green's function for the Hamiltonian of Eq. (2), the angular brackets denote disorder averaging, while the energy ε refers to the Fermi energy (zero temperature limit is assumed).
The disorder averaging is performed in Eq. (2) for the case of white-noise Gaussian disorder potential
characterized by the dimensionless parameter α 1. To obtain the results in the leading order with respect to a large metal parameter ετ ∝ 1/α (where τ stands for the mean scattering time) one should replace the Green's functions in Eq. (4) with the corresponding disorderaveraged Green's functions (the disorder averaging restores translational invariance) in the Born approximation as well as replace one of the spin operators with the corresponding vertex corrected spin operator in the non-crossing approximaiton. The vertex corrections play important role for sufficiently low frequencies ωτ tr 1, where τ tr stands for a characteristic transport scattering time that we specify below.
Despite both responses in Eq. (3) are expressed via the same tensorK, there is an important difference in the analysis. Indeed, since we consider a single domain dynamics of FM, we have to take the limit q → 0 in the response to ∂m/∂t that defines Gilbert damping. On contrary, we assume ω Dq 2 in the response to E q,ω that defines the spin-orbit torque. (Here D stands for the diffusion coefficient that is to be specified below).
The consistent analysis of the responses must also include contributions from rare scattering events, that are not taken into account in the conventional non-crossing approximation. As has been shown in Refs. [55] [56] [57] the consistent analysis is reduced to the computation of "crossing" diagrams depicted in Fig. 2 (b-d) in addition to the standard "diffusion ladder" of non-crossing approximation that is indicated by green areas in Fig. 2 (see [58] ).
We note that constant in-plane components of magnetization m x , m y in Eq. (2), which are equivalent to constant in-plane vector potential, can be always excluded from the model by a gauge transform. Consequently, all observable quantities in the model (including all components ofK) may only depend on the field ∆ z = ∆ sd m z .
After the gauge transform, the averaged Green's function is given by
where ε R and ∆ R z are complex parameters that have to be computed in the Born approximation (which, strictly speaking, has to be applied after the RG analysis [55] ). The corresponding self-energy
gives rise to the result Im Σ R = ∓πα(ε − ∆ z σ z )/2, which corresponds to the parameters ε R = ε(1 + iπα/2) and ∆ R z = ∆ z (1 − iπα/2) in Eq. (6). After including vertex corrections (both diffusion ladder and additional crossed diagrams) we may cast the result for the spin-spin correlator in the matrix form [58]
where σ xx and σ xy are nothing but the conductivity tensor components (measured in the units of e 2 /h). The components Q and σ zz were computed without crossed diagrams.
The spin-orbit torque is defined by the first two columns ofK tensor. By choosing x direction parallel to q vector, we find the conductivity components [58]
where D = v 2 σ 0 /ε stands for the diffusion coefficient. The quantities σ 0 and σ H are dimensionless longitudinal and Hall dc-conductivities at q = 0,
which have been previously computed in Ref. [55] . It is worth stressing that rare impurity fluctuations (described by the crossed diagrams in Fig. 2 ) contribute only to the anomalous Hall conductivity σ H , which is sub-leading in the metal parameter α 1 as compared to σ 0 . The results of Eq. (9) are obtained in the limit ωτ tr 1 where τ tr = εσ 0 /(ε 2 + ∆ 2 z ) stands for a transport time. The conductivity components inK tensor correspond to the field-like contribution T SOT FL that has been already discussed above. It is interesting to note that one obtains an isotropic conductivity σ xx = σ yy = σ 0 only if the limit q = 0 is taken before ω = 0. In the opposite case (i. e. for ω = 0 taken first) the conductivity remains anisotropic with respect to the direction of q even for q = 0.
The other components contributing to spin-orbit torque are defined by the vector Q = (Q x , Q y ), which quantifies the response of s z spin density to electric field. This contribution is found as [58] ,
where we again assumed ωτ tr 1. Due to the special role of z direction it is convenient to decompose the vector m to in-plane and perpendicular to the plane components as m = m + m ⊥ . The result of Eq. (11), then, corresponds to an additional diffusive spin-orbit torque of the form
where ∇ r · E(r, t) = ∂ x E x + ∂ y E y contains only derivatives of in-plane field components and
describes electron diffusion. Finite in-plane gradients of electric field can be created by a grated top gate subject to ac voltage as shown in Fig. 1 . The diffusive spinorbit torque of Eq. (12) always corresponds to an effective magnetic field applied in z direction.
To estimate the magnitude of the diffusive torque let us assume that an ac top-gate induces the in-plane field of the form E(r, t) =x E gate cos(ωt − qx) with the frequency ω ≈ 100 MHz and the characteristic period 2πq −1 ≈ 1 µm. Then, from Eq. (12) we readily obtain
In the limit ω Dq 2 (we take Dq 2 ≈ 100 GHz for an estimate) we further simplify the expressions as
which shows that the diffusive torque lags behind the electric field by a phase π/2. It is now instructive to compare the strength of the diffusive SOT with that of the field-like SOT (caused by in-plane dc field E bias ). Using expressions above one finds that the ratio of the torque amplitudes is given by T SOT diff /T SOT FL = ηE gate /E bias , where η = ∆ z / vqσ 0 . Note, that E gate can be made much larger than E bias . Moreover, for the system parameters σ 0 ≈ 10, ∆ sd ≈ 0.1 eV, v ≈ 10 6 m/s one finds η ∼ 1 (for m directed at 45 degrees to the plane). This estimate, therefore, shows that diffusive torque can be larger or comparable to the field-like torque, thus, providing a possibility to manipulate magnetization direction by an ac gate.
Let us now investigate the response of electron spin density in Eq. (3) to the time derivative ∂m/∂t (which does not depend on the real space coordinate). Such a response describes both Gilbert damping and spin renormalization. It is easy to see that the response to in-plane time derivative ∂m /∂t is, again, expressed through the components of the dc conductivity tensor (10) .
The response to ∂m ⊥ /∂t is, however, defined by the spin density-density correlator
which is computed in the Supplemental Materials [58]. This expression is readily integrated over time (which is equivalent to multiplication by −iω), hence it describes constant spin renormalization, which can be omitted. As the result, the Gilbert damping at the TI/FM interface can be cast in the following form
where the coefficients, σ 0 and σ H /m z depend on m 2 z . Thus, we find that the Gilbert damping tensor is not only anisotropic but also has a non-trivial dependence on the magnetization angle with respect to the plane. We note, that even though Eq. (17) does not contain a term proportional to ∂m ⊥ /∂t, the existing in-plane Gilbert damping is sufficient to relax the magnetization alongẑ direction.
The results of Eqs. (12) , (17) have to be substituted into Eq. (1) to obtain the equation of motion for magnetization in the TI/FM system. We remind that, in the case of insulating single-domain ferromagnet layer, the only other term in Eq. (1) is the torque due to effective field H eff that takes into account direct exchange and anisotropy in the FM. Such a field is, however, sensitive neither to electric current nor to the low-frequency gate voltage. It is also worth noting that Eqs. (12) , (17) include only the leading terms in the limit ωτ tr 1. The expressions beyond the leading order are provided in the Supplementary Material [58] .
In conclusion, we considered magnetization dynamics in the TI/FM system. We argued that a nonhomogeneous low-frequency ac electric field may induce a strong diffusive spin-orbit torque that is capable of switching FM magnetization in the direction perpendicular to the TI surface (see Eqs. (11) (12) (13) that represent the main results of the Letter). The diffusive torque does not require a current injection in the TI, while its magnitude can be made larger than that of the field-like torque induced by dc current. Thus, the observation of diffusive torque in TI/FM layers can be important for novel device applications.
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where R, A and K denote retarded, advanced and Keldysh Green functions respectively. In this notation a perturbation to a classical field V (x, t) is given by
with G (0) equilibrium Green functions. The Wigner-transform of a function F (x 1 , t 1 ; x 2 , t 2 ) is given by (s4)
In equilibrium we have the fluctuation-dissipation theorem G K ε±,p± = (1 − 2f ε± )(G R ε±,p± − G A ε±,p± ) with f ε± the Fermi distribution, so that the spin density now becomes
where the angular brackets stands for impurity averaging. The latter amounts to the replacement of the Green's functions with the corresponding impurity averaged Greens functions (in Born approximation) and to the replacement of one of the spin operators with the corresponding vertex corrected operator (in the non-crossing approximation). The corrections beyond the non-crossing approximation are important for those tensor components that lack leadingorder contribution [55] . To keep our notations more compact we ignore here the fact that the Green's functions before disorder averaging lack translational invariance, i. e. depend on both Wigner coordinates: momentum and coordinate.
In the limit of small frequency, i.e. ω ε, we obtain
where s I and s II are the Kubo and Streda contributions respectively. The Streda contribution is sub-leading in the powers of weak disorder strength α 1 as far as the Fermi energy lies outside the gap. Similarly, the AA and RR s2 bubbles in the expression of s I α are sub-leading and may be neglected. Furthermore, we work in the zero temperature limit.
With these considerations together with V ω,q = −ev(A × σ) z − ∆ sd m · σ, we obtain
which correspond to Eqs. (3, 4) of the main text. Here we used E q,ω = iωA q,ω .
II. CALCULATION OF THE SPIN-SPIN CORRELATOR
The spin polarization s q,ω needs to be averaged over many disorder realizations. In the Born approximation we replace each Green's function in Eq. (s9) with a disorder averaged one and replace one of the spin-operators with a vertex corrected spin operator. When calculating the components of K αβ that are of the order O(ετ ) 0 ), one should also include contributions from rare-scattering events. This is done by including the crossed diagrams depicted Figure 2 of the main text. The disorder-averaged Green functions are obtained by including the Born self-energy Σ R(A) (we set = 1 in the subsequent formulas)
whose imaginary parts are (to the leading order in 1/α) given by Im Σ R(A) = ∓ πα 2 (εσ 0 − ∆ z σ 3 ). The real part of Σ R(A) lead to renormalization of ε and ∆ sd . In the following we keep the same notation for ε and ∆ z , though now they correspond to renormalized quantities. The Green functions are then given by
where ε R(A) = ε(1 ± iπα/2) and ∆ R(A) z = ∆ z (1 ∓ iπα/2). The m components were removed via the gauge transformation.
Next, we need to replace the spin operator with a vertex corrected spin operator in the ladder approximation,
where, the dressing of σ α with a single disorder line is defined by
with M αβ = v 2 d 2 p Tr σ α G R ε+ω,p+q σ β G A ε,p /(2π) 2 . The ladder summation is conveniently represented in the matrix form by introducing a matrixM with 16 components M αβ for α, β = 0, x, y, z (σ 0 = 1). We stress that, in the computation of vertex correction, we are interested only in the leading order contributions to M αβ that are of the order of 1/α. The sub-leading contributions to M 00 and M zz components suffer from a logarithmic divergency at large momenta. In our calculation the terms of the order of α ln p cutoff /ε (where p cutoff is the ultraviolet momentum cut-off, is, therefore, disregarded with respect to 1. This approximation is legitimate since we assume that all model parameters , ∆ sd and α are first renormalized such that p cutoff ≈ ε.
It is, then, easy to see that the vertex-corrected spin operator is readily obtained from the geometric series of powers of παM , σ α = σ α + παM αβ σ β + (πα) 2 (M 2 ) αβ σ β + · · · = 1 − παM
where the summation of the repeating index β = 0, x, y, z is assumed.
